It is shown that a strongly self-absorbing C * -algebra is of real rank zero and absorbs the Jiang-Su algebra if it contains a non-trivial projection. We also consider cases where the UCT is automatic for strongly self-absorbing C * -algebras, and K-theoretical ways of characterizing when Kirchberg algebras are strongly selfabsorbing.
2 Strongly self-absorbing C *
-algebras with a non-trivial projection
In this section we show that any strongly self-absorbing C * -algebra that contains a nontrivial projection is automatically approximately divisible, of real rank zero, and absorbs the Jiang-Su algebra Z Lemma 2.1 There is a unital * -homomorphism from M 3 ⊕ M 2 into a unital C * -algebra A if and only if A contains projections e, e ′ such that e ⊥ e ′ , e ∼ e ′ , and 1 − e − e ′ e.
Proof: It is easy to see that such projections e and e ′ exist in M 3 ⊕ M 2 and hence in any unital C * -algebra A that is the target of a unital * -homomorphism from M 3 ⊕ M 2 . Assume now that such projections e and e ′ exist. Let v ∈ A be a partial isometry such that v * v = e and vv * = e ′ . Put f 0 = 1 − e − e ′ . Find a subprojection f 1 of e which is equivalent to f 0 , and put f 2 = vf 1 v * . Put g 1 = e − f 1 and put g 2 = e ′ − f 2 = vg 1 v * . The projections f 0 , f 1 , f 2 , g 1 , g 2 then satisfy
Extending the sets {f 0 , f 1 , f 2 } and {g 1 , g 2 } to sets of matrix units for M 3 and M 2 , respectively, yields a unital * -homomorphism from M 3 ⊕ M 2 into A. (If the f j 's are zero or if the g j 's are zero, then this * -homomorphism will fail to be injective, and will instead give a unital embedding of M 2 or M 3 into A.)
If D is any unital C * -algebra then we let D ⊗n denote the n-fold tensor product D ⊗ D ⊗ · · ·⊗D (with n tensor factors), and we let D ⊗∞ denote the infinite tensor product ∞ n=1 D. The latter is the inductive limit of the sequence ⊗n , then x ⊗k will denote the k-fold tensor product
The proof of the lemma below resembles the proof of [9, Lemma 6.4].
Lemma 2.2 Let D be a strongly self-absorbing C * -algebra, and let p be a projection in D.
Consider the following projections in
For each natural number n consider also the following projections in D ⊗2(n+1) , 
The equivalence e j ∼ e ′ j comes from the fact that the flip automorphism a ⊗ b → b ⊗ a on D ⊗ D is approximately inner when D is strongly self-absorbing. The projections e 1 , e 2 , . . . , e ′ 1 , e ′ 2 , . . . are pairwise orthogonal by construction. The only thing left to prove is (2.1). We prove this by induction after n, and note first that (2.1) for n = 1 follows from the fact that e 1 + e ′ 1 + f = 1. Suppose that (2.1) holds for some n ≥ 1. Then Since D is simple and p = 1 there is a natural number n such that
where the equality between the second and third expression holds because the flip on a strongly self-absorbing C * -algebra is approximately inner. 
for any natural number k. Using simplicity of D we can choose n such that 2 
where
be as in Lemma 2.2 (corresponding to our non-trivial projection p). Then e n = 0, E n = 0, and so 0 = f ⊗n = 1. Use (2.1) and Lemma 2.4 to find n such that 1 (ii) ⇒ (iii). It is shown in [2] that a simple approximately divisible C * -algebra is of real rank zero if and only if projections in the C * -algebra separate the quasitraces. As quasitraces on a exact C * -algebra are traces, [7] , a result that applies to our case since strongly self-absorbing C * -algebras are nuclear and hence exact, and since a strongly selfabsorbing C * -algebra has at most one tracial state, quasitraces are automatically separated by just one projection, say the unit.
(iii) ⇒ (i). This is trivial. The only C * -algebra of real rank zero that does not have a non-trivial projection is C, the algebra of complex numbers. This C * -algebra is not strongly self-absorbing by convention.
Finally, any simple approximately divisible C * -algebra is Z-absorbing, cf. [11] . 
where H is the kernel of τ * . Since
Therefore H ⊗ Q = 0 and so H is a torsion subgroup of K 0 (D). But we assumed that K 0 (D) is torsion free and hence H = {0} and τ * : K 0 (D) → τ * K 0 (D) ⊆ Q is an isomorphism of unital rings. The unital subrings of Q are easily determined and well-known. They are parametrized by arbitary sets P of prime numbers. For each P the corresponding ring R P consists of rational numbers r/s with r and s relatively prime and such that all prime factors of s are in P . If P = ∅ then R P = Z, otherwise R P is isomorphic to the K 0 -ring associated to a UHF algebra B of infinite type. Suppose now that D contains a nontrivial projection. By Theorem 2.5, D has real rank zero and absorbs the Jiang-Su algebra Z. In particular, K 0 (D) is not Z and is hence isomorphic (as a scaled abelian group) to K 0 (B) for some UHF-algebra B of infinite type. It follows from [8] that D has stable rank one and that K 0 (D) is weakly unperforated. Moreover, by [1, Sect. 6.9], K 0 (D) has the strict order induced by τ * . The isomorphism K 0 (B) ∼ = K 0 (D) of scaled abelian groups is therefore an order isomorphism, and by the properties of D established above we can conclude that B embeds unitally into D, whence 
Strongly self-absorbing algebras and K-theory
The class of strongly self-absorbing Kirchberg algebras satisfying the UCT was completely described in [11] . In this section we give properties and characterizations of strongly selfabsorbing Kirchberg algebras which can be derived without assuming the UCT. For unital a C * -algebra D we denote by ν D the unital * -homomorphism C → D. When the C * -algebra D is clear from context we will write ν instead of ν D . By assumption, the map ν * : KK(D, C) → KK(C, C) is surjective. By multiplying with the KK-equivalence class given by the unital morphism C → O ∞ , we obtain that the map ν
Proposition 3.1 Let D be a strongly self-absorbing C * -algebra. If D is not finite and the unital
by a * -homomorphism. Therefore, by the surjectivity of ν * , there is a can be completed to a commutative diagram after passing to K-theory:
It would then be completely natural to use K-homology instead of K-theory and ask that the first diagram can be completed to a commutative diagram after passing to Khomology.
Now let us observe that the condition, imposed in Proposition 3.1, that ν
is surjective clearly is equivalent to the existence of a commutative diagram
where α is a surjective morphism. If D satisfies the UCT, then the condition above can be translated in terms of K-theory as follows. Since the commutative diagram
has surjective horizontal arrows, the assumption on K-homology in Proposition 3.1 is equivalent the existence a group homomorphism K 0 (D) → Z which maps [1 D ] to 1. This is obviously equivalent to the condition that [1 D ] is an infinite order element of K 0 (D) and that the subgroup that it generates,
Our next goal is to show that for a unital Kirchberg algebra the property of being strongly self-absorbing is purely a KK-theoretical condition. Let
be the mapping cone of the unital * -homomorphisms ν : C → D. 
It is apparent that [ϕ] ∈ KK(A, B) −1 if and only if composition with [ϕ] ∈ KK(A, B) induces a bijection ϕ * : KK(B, C) → KK(A, C) for any separable C * -algebra C, or equivalently, for just C = A and C = B. Therefore, by the exactness of the Puppe sequence, we see that that ϕ induces a KK-equivalence if and only if its mapping cone C * -algebra C ϕ is KK-contractible.
By applying this observation to the unital We have the following result related to Proposition 3.3. (ii) KK(C ν , SD) = 0. 
